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ABSTRACT: In this paper, the  classical second virial coefficient and the corresponding first quantum correction for Ar 

gas are calculated in the temperature range 100-3000 K. These calculations are based on the Ar-Ar interaction potential. 

The Boyle and Joule inversion temperatures are determined. The thermodynamic properties of the system are calculated. 

These comprise the equation of state (pressure-density-temperature relations), total internal energy, entropy and 

Helmholtz free energy. The compressibility Z is evaluated as a measure of non-ideality of the gas. The deviation from 

ideality becomes most significant at low temperatures.  
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1. INTRODUCTION 
This work addresses both the classical second virial 

coefficient Bcl and the corresponding quantum correction 

Bqc  in the temperature-range 100-3000 K. This coefficient  

is important in its own right. For one thing, it provides 

valuable information about the intermolecular forces. For 

another, B helps to obtain the Boyle’s temperature in which 

the attractive and repulsive interactions balance. At low 

densities, the deviation from the ideal state is measured by 

the second virial coefficient [1]. This coefficient can be 

used as a predictor of  the borderline between the classical 

and quantum regimes in a nonideal gas [2]. Also, It is used 

as  a starting point for determining the thermophysical 

properties of real gases. 

Many theoretical methods were developed to investigate 

the properties of Ar gas. An ab initio potential was used to 

calculate thermophysical properties of argon phases [3]. 

Monte Carlo simulations were used to predict the 

thermophysical properties of pure Ar  as well as the binary 

mixtures Ne-Ar [4]. A statistical-mechanical perturbation 

theory was used to derive an analytic equation of state. This 

equation was applied to calculate the thermodynamic 

properties, including the vapor pressure curve,  

compressibility factor, fugacity coefficient [5], internal 

energy, enthalpy, entropy and heat capacity [6], using the 

Lennard-Jones 12-6 potential. 

The main input in calculating Bcl and Bqc  is the interaction 

potential. In this paper, the HFD-B3 potential is used; this 

is generally consists of a strongly-repulsive short-range 

part, a weakly-attractive long-range part and a minimum in 

between representing the equilibrium configuration for  the 

interacting pair [7]. 

 

2. Formalism 

2.1 The Second Vrial Coefficient 

Bcl  and the corresponding Bqc  are given by [8] 
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where V(r) is the binary interatomic potential, V′(r) is its 

first derivative with respect to the argument r, which is the 

magnitude of the interatomic separation, and β is the 

temperature parameter (kB T)
-1

, kB being Boltzmann's 

constant. 

The input potential is chosen as the HFD-B3 for Ar-Ar 

interactions. The HFD-B3 potential V(r) is plotted in 

Figure 1 and is given by 
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The parameters for Ar-Ar potential are tabulated in Table 1. 

  
Table 1: Parameters for Ar-Ar potential. 

Parameters HFD-B3 

A 1.13211845×105 

rm 3.761Ǻ 

ε 143.25 K 

D 1.04 

α 9.00053441 


 

-2.60270226 

C6 
1.09971113 

C8 
0.54511632 

C10 
0.39278653 
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Fig. 1: The Ar- Ar  potential, V(r), as a function of the 

interatomic separation r. 

 

2.2 Thermodynamic Properties 

The thermodynamic properties in the gas phase are defined 

as follows: 

a) The pressure P, which can be calculated from the virial 

equation  of state [9]  

nB1
Tnk

P

B

                                                 (6)                                                    

b) The compressibility factor Z, which measures the  non-

ideality of the gas.  This is given by [10]  

nB1Z  .                                          (7)                                     

For an ideal gas, Z=1, since PV= NkBT; n ≡  N/V (B = 0).  

c) The Helmholtz free energy F (N, V, T), which is given 

by [11]  

    n TB1nInTNkF 3
B 

.                     (8)                          

d) The entropy S,which is an expression of the disorder, 

or randomness of a system. It is defined at a constant 

volume as [12]  
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e) The total internal energy U, includes potential and 

kinetic energy. It  depends on the density  and temperature 

of the gas and is given by [13] 
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3. RESULTS AND DISCUSSION 

3.1 The Second  Virial Coefficient  

The variation of Bcl with T is shown in  Figure 2, and in 

Table 2. The corresponding variation for Bqc with T is 

shown in Table 2. In the low T-limit, where the attractive 

part of the interaction potential for  argon atoms dominates, 

Bcl is large and negative. It increases as T increases, 

becoming less negative. At a certain temperature, Boyle’s 

temperature TB, Bcl has zero value, where the attractive and 

repulsive interactions balance. TB  411.003 K. Thereafter, 

Bcl becomes positive. This is because the interaction is 

dominated by the repulsive part. By increasing T, B 

increases until it reaches a maximum value at inversion 

temperature Ti after which it decreases. The maximum 

value of Bcl  occurs at Ti  ≈ 2556 K which is in the range (Ti 

≈  3800 ± 1800 K)  reported by Boschi-Filho and Buthers 

[14].   

On the other hand, Bqc  decreases with increasing T, as 

shown in Table 2. The ratio|Bqc|/|Bcl| indicates that |Bqc| is 

less than | clB |; Bcl dominates with increasing T. This 

means that quantum character disappear gradually with 

increasing temperature. 

 

The calculated values of classical second virial coefficient 

are compared to previous theoretical [1, 15] as well as 

experimental [16, 17] results in Tables 3 and 4; 

respectively. TB is given in Table 5, together with the 

previous results. Clearly, the present results are comparable 

to the previous results 

 
Fig. 2: Bcl  [cm3/mole] versus the temperature T [K]. 

 

Table 2: The  variation of Bcl together with the  

corresponding Bqc  with temperatures. 

T [K] 
Bcl  

[cm3/mole] 

Bqc 

[cm3/mole] 

100 -183.91 48.348 

150 -86.741 16.526 

200 -48.29 8.640 

250 -27.94 5.485 

300 -15.45 3.882 

350 -7.06 2.940 

400 -1.09 2.334 

450 3.36 1.915 

500 6.78 1.612 

550 9.47 1.384 

600 11.64 1.207 

700 14.88 0.952 

800 17.16 0.779 

900 18.82 0.655 

1000 20.06 0.562 

0011 00124 0.432 

0011 00126 0.348 

0011 02140 0.289 

0011 02101 0.245 

https://en.wikipedia.org/wiki/Randomness
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0111 00115 0.212 

2400 24.20 0.165 

0551 00105 0.153 

0550 00100 0.152 

0501 00104 0.152 

2111 00100 0.123 

Table 3: Comparison of  computed Bcl  with some previous 

theroretical results at different temperatures. 

T 
Bcl 

[This work] 

Bcl)th 

[1] 

Bcl)th 

[15] 

100 -183.91 
 

-184.11 

200 -48.29 
 

-48.363 

300 -15.45  -15.452 

400 -1.09 -1.02 -1.0546 

500 6.78 7.02 6.8385 

600 11.64 12.06  

700 14.88 15.46  

800 17.16 17.86  

900 18.82 19.64  

1000 20.06 20.98  

0011 00124 22.84  

0011 00126 24.01  

0011 02140 24.79  

0011 02101 25.30  

0111 00115 25.65  

0400 00100 26.04  

Table 4: Comparison of  computed Bcl  with some previous 

experimental results at different temperatures . 

T 
Bcl 

[This work] 

Bexp 

[16] 

Bexp 

[17] 

100 -183.91  -185.50 

200 -48.29  -47.60 

300 -15.45  -15.60 

400 -1.09 -0.82 -0.90 

500 6.78 7.17 7.30 

600 11.64 12.25  

700 14.88 15.67  

800 17.16 18.09  

900 18.82 19.84  

1000 20.06 21.19  

0011 00124 23.01  

0011 00126 24.03  

0011 02140 24.86  

0011 02101 25.49  

0111 00115 25.91  

0400 00100 26.24  

Table 5: The Boyle temperature TB [K] for the HFD-B3 

potential compared with previous results. 

TB 

[This work] 

TB 

[1] 

TB 

[18] 

TB 

[19] 

TB 

[20] 

411.003 410.151 407.76 407.59 408.35 

3.2 Thermodynamic Properties 

In Figure 3, the compressibility Z  is plotted versus the 

temperatures T. It is observed that at low temperatures 

(T<400 K), Z of argon gas increases by increasing T. For Z 

< 1, attractive forces dominate and the volume of the gas is 

less than that predicted by the ideal-gas equation of state. 

The nonideality decreases gradually with increasing T. It is 

evident that the system exhibits as an ideal gas  at high 

temperature. 

 

Fig. 3: The compressibility Z versus the temperatures T [K]. 

Figure 4 displays the pressure P versus the temperature T. It is 

shown that P increases with increasing T. The P-T curves 

represents the equation of state of the system.  

 

Fig. 4: The pressure P [Pa] versus the temperature T [K].  
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In Figure 5, The Helmholtz free energy  F is plotted as a 

function of T. It is shown that F decreases as T 

increases.The Helmholtz free energy tends to minimize as 

the system tends to equilibrium state in which 

the entropy has the highest possible value. 

 

Fig. 5: The Helmholtz free energy F/N [K] versus temperature 

T [K]. 

Figure 6 displays the entropy S versus the temperature T. It is 

shown that S increases with increasing T. 

 

Figure 6: The entropy per atom S/N versus temperature T 

[K]. 

Figure 7 shows the internal energy U versus the temperature 

T. It is shown that U increases with increasing T since the 

repulsive forces increase. 

 

Fig. 7: The total internal energy U/N  [K] versus the 

temperature T [K] 

 
4. CONCLUSION 

In this paper, extensive results for thermodynamic 

properties of Ar gas are presented  in the temperature-range 

100-3000K. The  classical second virial coefficient and the 

corresponding first quantum correction are calculated. 

These calculations are all undertaken using the HFD-B3 

potential as a main input. The thermodynamic properties of 

the gas – the compressibility,  pressure-density- 

temperature behavior, Hemholtz free energy and total 

internal energy- are then readily followed.  Also, the Boyle 

and Joule inversion temperatures are determined. The 

deviation from ideality becomes most significant at low 

temperatures.  There is a good agreement with previous 

results.  
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